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THE FOURTH DIMENSION. 

MATHEMATICAL AND SPIRITUALISTIC. 

INTRODUCTORY. 

THE tendency to generalise long ago led mathematicians to 
extend the notion of three-dimensional space, which is the 
space of sensible representation, and to define aggregates of points, or 
spaces, of more than three dimensions, with the view of employing 
these definitions as useful means of investigation. They had no 
idea of requiring people to imagine four-dimensional things and 
worlds, and they were even still less remote from requiring of them 
to believe in the real existence of a four-dimensioned space. In 
the hands of mathematicians this extension of the notion of space 
was a mere means devised for the discovery and expression, by 
shorter and more convenient ways, of truths applicable to com- 
mon geometry and to algebra operating with more than three un- 
known quantities. At this stage, however, the spiritualists came in, 
and coolly took possession of this private property of the mathema- 
ticians. They were in great perplexity as to where they should put 
the spirits of the dead. To give them a place in the world acces- 
sible to our senses was not exactly practicable. They were com- 
pelled, therefore, to look around after some terra incognita, which 
should oppose to the spirit of research inborn in humanity an insu- 
perable barrier. The. residence of the spirits had to be a place in- 
accessible to our senses and full of mystery to the mind. This prop- 
erty the four-dimensioned space of the mathematicians possessed. 
With an intellectual perversity which science has no idea of, these 
spiritualists boldly asserted, first, that the whole world was so sit- 
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uated in a four-dimensioned space as a plane might be situated in 
the space familiar to us, secondly, that the spirits of the dead lived 
in such a four-dimensioned space, thirdly, that these spirits could 
accordingly act upon the world and, consequently, upon the human 
beings resident in it, exactly as we three-dimensioned creatures can 
produce effects upon things that are two-dimensional ; for example, 
such effects as that produced when we shatter a lamina of ice, and 
so influence some possibly existing two-dimensioned ue--woT\d. 

Since spiritualism, under the leadership of the Leipsic Professor 
Zollner, thus proclaimed the existence of a four-dimensioned space, 
this notion, which the mathematicians are thoroughly master of, — 
for in all their operations with it, though they have forsaken the 
path of actual representability, they have never left that of the truth, 
— this notion has also passed into the heads of lay persons who have 
used it as a catchword, ordinarily without having any clear idea of 
what they or any one else mean by it. To clear up such ideas and 
to correct the wrong impressions of cultured people who have not a 
technical mathematical training, is the purpose of the following 
pages. A similar elucidation was aimed at in the tracts which 
Schlegel (Riemann, Berlin, 1888) and Cranz(Virchow-Holtzendorff's 
Sammlung, Nos. 112 and 113) have published on the so-called fourth 
dimension. Both treatises possess indubitable merits, but their 
methods of presentation are in many respects too concise to give a 
lay mind any profound comprehension of the subject. The author, 
accordingly, has been able to add to the reflections which these ex- 
cellent treatises offer, a great deal that appears to him necessary for 
a thorough explanation in the minds of non-mathematicians of the 
notion of the fourth dimension. 



THE CONCEPT OF DIMENSION. 

Many text-books of stereometry begin with the words : W Every 
body has three dimensions, length, breadth, and thickness." If we 
should ask the author of a book of this description to tell us the 
length, breadth, and thickness of an apple, of a sponge, or of a cloud 
of tobacco smoke, he would be somewhat perplexed and would prob- 
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ably say, that the definition in question referred to something dif- 
ferent. A cubical box, or some similar structure, whose angles are 
all right angles and whose bounding surfaces are consequently all 
rectangles is the only body of which it can at all be unmistakably 
asserted that there are three principal directions distinguishable in 
it, of which any one can be called the length, any other the breadth, 
and any third the thickness. We thus see that the notions of length, 
breadth, and thickness are not sufficiently clear and universal to 
enable us to derive from them any idea of what is meant when it is 
said that every body possesses three dimensions, or that the space 
of the world is three-dimensional. 

This distinction may be made sharper and more evident by the 
following considerations : We have, let us suppose, a straight line 
on which a point is situated, and the problem is proposed to deter- 
mine the position of the point on the line in an unequivocal manner. 
The simplest way to solve this is, to state how far the point is re- 
moved in the one or the other direction from some given fixed point ; 
just as in a thermometer the position of the surface of the mercury 
is given by a statement of its distance in the direction of cold or heat 
from a predetermined fixed point — the point of freezing water. To 
state, therefore, the position of a point on a straight line, the sole 
datum necessary is a single number, for beforehand we have fixed 
upon some standard line, like the centimetre, and some definite point 
to which we give the value zero, and have also previously decided 
in what direction from the zero-point, points must be situated whose 
position is expressed by positive numbers, and also in what direction 
those must lie whose position is expressed by negative numbers. 
This last mentioned fact, that a single number is sufficient to deter- 
mine the place of a point in a straight line, is the real reason why 
we attribute to the straight line or to any part of it a single dimen- 
sion. 

More generally, we call every totality or system, of infinitely 
numerous things, c/za'-diniensional, in which one number is all that 
is requisite to determine and distinguish any particular one of these 
things amidst the entire totality. Thus, time is one-dimensional. 
We, as inhabitants of the earth, have naturally chosen as our unit 
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of time, the period of the rotation of the earth about its axis, namely, 
the day, or a definite portion of a day. The zero-point of time is re- 
garded in Christian countries as the year of the birth of Christ, and 
the positive direction of time is the time subsequent to the birth of 
Christ. These data fixed, all that is necessary to establish and dis- 
tinguish any definite point of time amid the infinite totality of all 
the points of time, is a single number. Of course this number need 
not be a whole number, but may be made up of the sum of a whole 
number and a fraction in whose numerator and denominator we may 
have numbers as great as we please. We may, therefore, also say 
that the totality of all conceivable numerical magnitudes, or of only 
such as are greater than one definite number and smaller than some 
other definite number, is one-dimensional. 

We shall add here a few additional examples of one-dimensioned 
magnitudes presented by geometry. First, the circumference of a 
circle is a one-dimensional magnitude, as is every curved line, 
whether it returns into itself or not. Further, the totality of all equi- 
lateral triangles which stand on the same base is one-dimensional, 
or the totality of all circles that can be described through two fixed 
points. Also, the totality of all conceivable cubes will be seen to 
be one-dimensional, provided they are distinguished, not with re- 
spect to position, but with respect to magnitude. 

In conformity with the fundamental ideas by which we define 
the notion of a one-dimensional manifoldness, it will be seen that the 
attribute /ow-dimensional must be applied to all totalities of things 
in which two numbers are necessary (and sufficient) to distinguish 
any determinate individual thing amid the totality. The simplest 
two-dimensioned complex which we know of is the plane. To de- 
termine accurately the position of a point in a plane, the simplest 
way is to take two axes at right angles to each other, that is, fixed 
straight lines, and then to specify the distances by which the point 
in question is removed from each of these axes. 

This method of determining the position of a point in a plane 
suggested to the celebrated philosopher and mathematician Descar- 
tes the fundamental idea of analytical geometry, a branch of mathe- 
matics in which by the simple artifice of ascribing to every point in 
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a plane two numerical values, determined by its distances from the 
two axes above referred to, planimetrical considerations are trans- 
formed into algebraical. So, too, all kinds of curves that graphi- 
cally represent the dependence of things on time, make use of the 
fact that the totality of the points in a plane is two-dimensional. 
For example, to represent in a graphical form the increase of the 
population of a city, we take a horizontal axis to represent the time, 
and a perpendicular one to represent the numbers which are the 
measures of the population. Any two lines, then, whose lengths 
practical considerations determine, are taken as the unit of time, 
which we may say is a year, and as the unit of population, which 
we will say is one thousand. Some definite year, say 1850, is fixed 
upon as the zero point. Then, from all the equally distant points 
on the horizontal axis, which points stand for the years, we proceed 
in directions parallel to the other axis, that is, in the perpendicular 
direction, just so much upwards as the numbers which stand for the 
population of that year require. The terminal points so reached, or 
the curve which runs through these terminal points, will then present 
a graphic picture of the rates of increase of the population of the 
town in the different years. The rectangular axes of Descartes are 
employed in a similar way for the construction of barometer curves, 
which specify for the different localities of a country the amount of 
variation of the atmospheric pressure during any period of time. 
Immediately next to the plane the surface of the earth will be recog- 
nised as a two-dimensional aggregate of points. In this case geo- 
graphical latitude and longitude supply the two numbers that are 
requisite accurately to determine the position of a point. Also, the 
totality of all the possible straight lines that can be drawn through 
any point in space is two-dimensional, as we shall best understand if 
we picture to ourselves a plane which is cut in a point by each of 
these straight lines and then remember that by such a construction 
every point on the plane will belong to some one line and, vice versa, 
a line to every point, whence it follows that the totality of all the 
straight lines which pass through the point assigned are of the same 
dimensions as the totality of the points of the imagined plane. 

The question might be asked, In what way and to what extent 
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in this case is the specification of two numbers requisite and sufficient 
to determine amid all the rays which pass through the specified 
point a definite individual ray ? To get a clear idea of the problem 
here involved, let us imagine the ray produced far into the heavens, 
where some quite definite point will correspond to it. Now, the po- 
sition of a point in the heavens depends, as does the position of a 
point on all spherical surfaces, on two numbers. In the heavens 
these two numbers are ordinarily supplied by the two angles called 
altitude, or the distance above the plane of the horizon, and azimuth, 
or the angular distance between the circle on which the altitude is 
measured and the meridian of the observer. It will be seen thus 
that the totality of all the luminous rays that an eye, conceived as a 
point, can receive from the outer world is two-dimensional, and also 
that a luminous point emits a two-dimensional group of luminous 
rays. It will also be observed, in connection with this example, that 
the two-dimensional totality of all the rays that can be drawn through 
a point in space is something different from the totality of the rays 
that pass through a point but are required to lie in a given plane. 
Such a group of objects as the last-named one, is a one-dimensional 
totality. 

Now that we have sufficiently discussed the attributes that are 
characteristic of one and two-dimensional aggregates, we may, with- 
out any further investigation of the subject, propose the following 
definition, that, generally, an n- dimensional totality of infinitely numer- 
ous things is such, with respect to which the specification of n numbers is 
necessary and sufficient to indicate a definite individual amid the totality 
of all the infinitely numerous individuals of the group. 

Accordingly, the point-aggregate made up of the world-space 
which we inhabit, is a three-dimensional totality. To get true bear- 
ings in this space and to define any determinate point in it, we have 
therefore to lay through any point which we take as our zero-point 
three axes at right angles to each other, one running from right to 
left, one backwards and forwards, and one upwards and downwards. 
We then join each two of these axes by a plane and are enabled thus 
to specify the position of every point in space by the three perpen- 
dicular distances by which the point in question is removed in a 
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positive or negative sense from these three planes. It is customary 
to denote the numbers which are the measures of these three dis- 
tances by x, y, and z, the positive x, positive y, and positive z ordi- 
narily being reckoned in the right hand, the forward, and the up- 
ward directions from the origin. If now, with direct reference to 
this fundamental axial system, any particular specification of x, y, 
and s be made, there will, by such an operation, be cut out and iso- 
lated from the three-dimensional manifoldness of all the points of 
space a totality of less dimensions. If, for example, 2 is equal to 
seven units or measures, this is equivalent to a statement that only 
the two-dimensional totality of the points is meant, which consti- 
tute the plane that can be laid at right angles to the upward-passing 
z-axis at a distance of seven measures from the zero-point. Conse- 
quently, every imaginable equation between x, y, and 2 isolates and 
defines a two-dimensional aggregate of points. If two different equa- 
tions obtain between x, y, and 2, two such two-dimensional totalities 
will be isolated from among all the points of space. But as these 
last must have some one-dimensional totality in common, we may 
say that the co-existence of two equations between x,y, and 2 defines 
a one-dimensional totality of points, that is to say a straight line, a 
line curved in a plane, or even, perhaps, one curved in space. It 
is evident from this that the introduction of the three axes of refer- 
ence forms a bridge between the theory of space and the theory of 
equations involving three variable quantities, x, y, 2. The reason that 
the theory of space cannot thus be brought into connection with 
algebra in general, that is, with the theory of indefinitely numerous 
equations, but only with the algebra of three quantities, x, y, z, is 
simply to be sought in the fact that space, as we picture it, can only 
have three dimensions. 

We have now only to supply a few additional examples of n- 
dimensional totalities. All particles of air are four-dimensional in 
magnitude when in addition to their position in space we also con- 
sider the variable densities which they assume, as they are expressed 
by the different heights of the barometer in the different parts of the 
atmosphere. Similarly, all conceivable spheres in space are four- 
dimensional magnitudes, for their centres form a three-dimensional 
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point-aggregate, and around each centre there may be additionally 
conceived a one-dimensional totality of spheres, the radii of which 
can be expressed by every numerical magnitude from zero to infinity. 
Further, if we imagine a measuring stick of invariable length to as- 
sume every conceivable position in space, the positions so obtained 
will constitute a five-dimensional aggregate. For, in the first place, 
one of the extremities of the measuring stick may be conceived to 
assume a position at every point of space, and this determines for 
one extremity alone of the stick a three-dimensional totality of po- 
sitions ; and secondly, as we have seen above, there proceeds from 
every such position of this extremity a two-dimensional totality of 
directions, and by conceiving the measuring-stick to be placed length- 
wise in every one of these directions we shall obtain all the conceiv- 
able positions which the second extremity can assume, and conse- 
quently, the dimensions must be 3 plus 2 or 5. Finally, to find out 
how many dimensions the totality of all the possible positions of a 
square, invariable in magnitude, possesses, we first give one of its 
corners all conceivable positions in space, and we thus obtain three 
dimensions. One definite point in space now being fixed for the po- 
sition of one corner of the square, we imagine drawn through this 
point all possible lines, and on each we lay off the length of the side 
of the square and thus obtain two additional dimensions. Through 
the point obtained for the position of the second corner of the square 
we must now conceive all the possible directions drawn that are per- 
pendicular to the line thus fixed, and we must lay off once more on 
each of these directions the side of the square. By this last determi- 
nation the dimensions are only increased by one, for only one one- 
dimensional totality of perpendicular directions is possible to one 
straight line in one of its points. Three corners of the square are now 
fixed and therewith the position of the fourth also is uniquely deter- 
mined. Accordingly, the totality of all equal squares which only 
differ from one another by their position in space, constitutes a mani- 
foldness of six dimensions. 
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II. 



THE INTRODUCTION OF THE NOTION OF FOUR-DIMENSIONAL 
POINT-AGGREGATES, PERMISSIBLE. 

In the preceding section it was shown that we can conceive not 
only of manifoldnesses of one, two, and three dimensions, but also 
of manifoldnesses of any number of dimensions. But it was at the 
same time indicated that our world-space, that is, the totality of all 
conceivable points that differ only in respect of position, cannot in 
agreement with our notions of things possess more than three di- 
mensions. But the question now arises, whether, if the progress of 
science tends in such a direction, it is permissible to extend the no- 
tion of space by the introduction of point-aggregates of more than 
three dimensions, and to engage in the study of the properties of 
such creations, although we know that notwithstanding the fact that 
we may conceptually establish and explore such aggregates of points, 
yet we cannot picture to ourselves these creations as we do the spa- 
tial magnitudes which surround us, that is, the regular three-dimen- 
sional aggregates of points. 

To show the reader clearly that this question must be answered 
in the affirmative, that the extension of our notion of space is per- 
missible, although it leads to things which we cannot perceive by 
our senses, I may call the reader's attention to the fact that in arith- 
metic we are accustomed from our youth upwards to extensions of 
ideas, which, accurately viewed, as little admit of graphic concep- 
tion as a four-dimensional space, that is, a point-aggregate of four 
dimensions. By his senses man first reaches only the idea of whole 
numbers — the results of counting. The observation of primitive 
peoples * and of children clearly proves that the essential decisive 
factors of counting are these three : First, we abstract, in the count- 
ing of things, completely from the individual and characteristic at- 
tributes of these things, that is, we consider them as homogeneous. 
Second, we associate individually with the things which we count 

* This is discussed at greater length in my tract Zahl und Zahlen in Virchow- 
Holtzendorff's collection of popular essays, J. F. Richter, 1887. 
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other homogeneous things. These other things are even now, among 
uncivilised peoples, the ten fingers of the two hands. They may, 
however, be simple strokes, or, as in the case of dice and dominoes, 
black points on a white background. Third, we substitute for the 
result of this association some concise symbol or word ; for example, 
the Romans substituted for three things counted, three strokes placed 
side by side, namely: III ; but for greater numbers of things they 
employed abbreviated signs. The Aztecs, the original inhabitants 
of Mexico, had time enough, it seems, to express all the numbers 
up to nineteen by equal circles placed side by side. They had ab- 
breviated signs only for the numbers 20, 400, 8000, and so forth. 
In speaking, some one same sound might be associated with the 
things counted ; but this method of counting is nowadays employed 
only by clocks : the languages of men since prehistoric times have 
fashioned concise words for the results of the association in question. 
From the notion of number, thus fixed as the result of counting, man 
reached the notion of the addition of two numbers, and thence the 
notion that is the inverse of the last process, the notion of subtrac- 
tion. But at this point it clearly appears that not every problem 
which may be propounded is soluble ; for there is no number which 
can express the result of the subtraction of a number from one which 
is equally large or from one which is smaller than itself. The pri- 
mary school pupil who says that 8 from 5 "won't go" is perfectly 
right from his point of view. For there really does not exist any re- 
sult of counting which added to eight will give five. 

If humanity had abided by this point of view and had rested 
content with the opinion that the problem " 5 minus 8" is not solv- 
able, the science of arithmetic would never have received its full 
development, and humanity would not have advanced as far in civ- 
ilisation as it has. Fortunately, men said to themselves at this 
crisis : " If 5 minus 8 won't go, we'll make it go; if 5 minus 8 does 
not possess an intelligible meaning, we will simply give it one." As 
a fact, things which have not a meaning always afford men a pleas- 
ing opportunity of investing them with one. The question is, then, 
what significance is the problem "5 minus 8" to be invested with? 
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The most natural and, therefore, the most advantageous solu- 
tion undoubtedly is to abide by the original notion of subtraction as 
the inverse of addition, and to make the significance of 5 minus 8 
such, that for 5 minus 8 plus 8 we shall get our original minuend 5. 
By such a method all the rules of computation which apply to real 
differences will also hold good for unreal differences, such as 5 minus 
8. But it then clearly appears that all forms expressive of differ- 
ences in which the number that stands before the minus direction is 
less by an equal amount than that which follows it may be regarded 
as equal ; so that the simplest course seems to be to introduce as 
the common characteristic of all equal differential forms of this de- 
scription a common sign, which will indicate at the same time the 
difference of the two numbers thus associated. Thus it came about, 
that for 5 minus 8, as well as for every differential form which can 
be regarded as equal thereto the sign " — 3 " was introduced. But in 
calling differential forms of this description numbers, the notion of 
number was extended and a new domain was opened up, namely, 
the domain of negative numbers. 

In the further development of the science of arithmetic, through 
the operation of division viewed as the inverse of multiplication, a 
second extension of the idea of number was reached, namely, the 
notion of fractional numbers as the outcome of divisions that had 
led to numbers hitherto undefined. We find, thus, that the science 
of arithmetic throughout its whole development has strictly adhered 
to the principle of conformity and consistency and has invested every 
association of two numbers, which before had no significance, by the 
introduction of new numbers, with a real significance, such that sim- 
ilar operations in conformity with exactly the same rules could be 
performed with the new numbers, viewed as the results of this asso- 
ciation, as with the numbers which were before known and perfectly 
defined. Thus the science proceeded further on its way and reached 
the notions of irrational, imaginary, and complex numbers. 

The point in all this, which the reader must carefully note, is, 
that all the numbers of arithmetic, with the exception of the posi- 
tive whole numbers, are artificial products of human thought, in- 
vented to make the language of arithmetic more flexible, and to ac- 
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celerate the progress of science. All these numbers lack the attri- 
butes of representability. 

No man in the world can picture to himself "minus three 
trees." It is possible, of course, to know that when three trees of a 
garden have been cut down and carried away, that three are miss- 
ing, and by substituting for ' ' missing " the inverse notion of ' 'added, " 
we may says, perhaps, that "minus three trees" are added. But 
this is quite different from the feat of imagining a negative number 
of trees. We can only picture to ourselves a number of trees that 
results from actual counting, that is, a positive whole number. Yet, 
notwithstanding all this, people had not the slightest hesitation in 
extending the notion of number. Exactly so must it be permitted 
us in geometry to extend the notion of space, even though such an 
extension can only be mentally defined and can never be brought 
within the range of human powers of representation. 

In mathematics, in fact, the extension of any notion is admis- 
sible, provided such extension does not lead to contradictions with 
itself or with results which are well established. Whether such 
extensions are necessary, justifiable, or important for the advance- 
ment of science is a different question. It must be admitted, there- 
fore, that the mathematician is justified in the extension of the no- 
tion of space as a point-aggregate of three dimensions, and in the 
introduction of space or point-aggregates of more than three dimen- 
sions, and in the employment of them as means of research. Other 
sciences also operate with things which they do not know exist, and 
which, though they are sufficiently defined, cannot be perceived by 
our senses. For example, the physicist employs the ether as a 
means of investigation, though he can have no sensory knowledge 
of it. The ether is nothing more than a means which enables us to 
comprehend mechanically the effects known as action at a distance 
and to bring them within the range of a common point of view. 
Without the assumption of a material which penetrates everything, 
and by means of whose undulations impulses are transmitted to the 
remotest parts of space, the phenomena of light, of heat, of gravi- 
tation, and of electricity would be a jumble of isolated and uncon- 
nected mysteries. The assumption of an ether, however, comprises 
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in a systematic scheme all these isolated events, facilitates our men- 
tal control of the phenomena of nature, and enables us to produce 
these phenomena at will. But it must not be forgotten in such re- 
flections that the ether itself is even a greater problem for man, and 
that the ether-hypothesis does not solve the difficulties of phenom- 
ena, but only puts them in a unitary conceptual shape. Notwith- 
standing all this, physicists have never had the least hesitation in em- 
ploying the ether as a means of investigation. And as little do rea- 
sons exist why the mathematicians should hesitate to investigate 
the properties of a four-dimensioned point-aggregate, with the view 
of acquiring thus a convenient means of research. 

in 

THE INTRODUCTION OF THE IDEA OF FOUR-DIMENSIONED POINT- 
AGGREGATES OF SERVICE TO RESEARCH. 

From the concession that the mathematician has the right to 
define and investigate the properties of point-aggregates of more 
than three dimensions, it does not necessarily follow that the intro- 
duction of an idea of this description is of value to science. Thus, 
for example, in arithmetic, the introduction of operations which 
spring from involution, as involution and its two inverse operations 
proceed from multiplication, is undoubtedly permitted. Just as for 
"a times a times a" we write the abbreviated symbol "a s ," (which 
we read, a to the third power,) and investigate in detail the opera- 
tion of involution thus defined, so we might also introduce some 
shorthand symbol for "a to the a th power to the « th power" and thus 
reach an operation of the fourth degree, which would regard a as a 
passive number and the number 3, or any higher number, as the 
active number, that is, as the number which indicates how often a 
is taken as the base of a power whose exponent may be a, or "a to 
the a th ," or "a: to the a th to the a th power." 

But the introduction of such an operation of the fourth degree 
has proved itself to be of no especial value to mathematics. And 
the reason is that in the operation of involution the law of commuta- 
tion does not hold good. In addition, the numbers to be added may 
be interchanged and the introduction of multiplication is therefore 
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of great value. So, also, in multiplication the numbers which are 
combined, that is, the factors, may be changed about in any way, 
and thus the introduction of involution is of value. But in involution 
the base and the exponent cannot be interchanged, and consequently 
the introduction of any higher operation is almost valueless. 

But with the introduction of the idea of point- aggregates of 
multiple dimensions the case is wholly different. The innovation in 
question has proved itself to be not only of great importance to re- 
search, but the progress of science has irresistibly forced investiga- 
tors to the introduction of this idea, as we shall now set forth in 
detail. 

In the first place, algebra, especially the algebraical theory of 
systems of equations, derives much advantage from the notion of 
multiple dimensioned spaces. If we have only three unknown quan- 
tities, x, y, z, the algebraical questions which arise from the possible 
problems of this class admit, as we have above seen, of geometrical 
representation to the eye. Owing to this possibility of geometrical 
representation, some certain simple geometrical ideas like "mov- 
ing," lying in," "intersecting," and so forth, may be translated into 
algebraical events. Now, no reason exists why algebra should stop 
at three variable quantities ; it must in fact take into consideration 
any number of variable quantities. 

For purposes of brevity and greater evidentness, therefore, it is 
quite natural to employ geometrical forms of speech in the consid- 
eration of more than three variables. But when we do this, we as- 
sume, perhaps without really intending to do so, the idea of a space 
of more than three dimensions. If we have four variable quantities, 
x, y, 2, u, we arrive, by conceiving attributed to each of these four 
quantities every possible numerical magnitude, at a four-dimensioned 
manifoldness of numerical quantities, which we may just as well re- 
gard as a four-dimensioned aggregate of points. Two equations 
which exist on this supposition between x, y, z, and u, define two 
three dimensioned aggregates of points, which intersect, as we may 
briefly say, in a two-dimensioned aggregate of points, that is, in a 
surface ; and so on. In a somewhat different manner the deter- 
mination of the contents of a square or a cube by the involution^ a 
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number which stands for the length of its sides, leads to the notion 
of four-dimensioned structures, and, consequently, to the notion of 
a four-dimensioned point-space. When we note that a 2 stands for 
the contents of a square, and a 3 for the contents of a cube, we nat- 
urally inquire after the contents of a structure which is produced 
from the cube as the cube is produced from the square and which 
also will have the contents a*. We cannot, it is true, clearly picture 
to ourselves a structure of this description, but we can, nevertheless, 
establish its properties with mathematical exactness.* It is bounded 
by 8 cubes just as the cube is bounded by 6 squares ; it has 16 cor- 
ners, 24 squares, and 32 edges, so that from every corner 4 edges, 6 
squares, and 4 cubes proceed, and from every edge 3 squares and 3 
cubes. 

Yet despite the great service to algebra of this idea of multiple- 
dimensioned space, it must be conceded that the conception although 
convenient is yet not indispensable. It is true, algebra is in need 
of the idea of multiple dimensions, but it is not so absolutely in need 
of the idea of /^/-aggregates of multiple dimensions. 

This notion is, however, necessary and serviceable for a pro- 
found comprehension of geometry. The system of geometrical knowl- 
edge which Euclid of Alexandria created about three hundred years 
before Christ, supplied during a period of more than two thousand 
years a brilliant example of a body of conclusions and truths which 
were mutually consistent and logical. Up to the present century 
the idea of elementary geometry was indissolubly bound up with 
the name of Euclid, so that in England where people adhered long- 
est to the rigid deductive system of the Grecian mathematician, the 
task of "learning geometry" and "reading Euclid" were until a 
few years ago identical. Every proposition of this Euclidian system 
rests on other propositions, as one building-stone in a house rests 
upon another. Only the very lowest stones, the foundations, were 
without supports. These are the axioms or fundamental proposi- 



* Victor Schlegel, indeed, has made models of the three-dimensional nets of all 
the six structures which correspond in four-dimensioned space to the five regular 
bodies of our space, in an analogous manner to that by which we draw in a plane 
the nets of five regular bodies. Schlegel's models are made by Brill of Darmstadt. 
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tions, truths on which all other truths are, directly or indirectly, 
founded, but which themselves are assumed without demonstration 
as self-evident. 

But the spirit of mathematical research grew in time more and 
more critical, and finally asked, whether these axioms might not pos- 
sibly admit of demonstration. Especially was a rigid proof sought 
for the eleventh axiom of Euclid, which treats of parallels. 

After centuries of fruitless attempts to prove Euclid's eleventh 
axiom, Gauss, and with him Bolyai and Lobatschewsky, Riemann 
and Helmholtz, finally stated the decisive reasons why any attempt 
to prove the axiom of the parallels must necessarily be futile. These 
reasons consist of the fact that though this axiom holds good enough 
in the world-space such as we do and can conceive it, yet three- 
dimensioned spaces are ideally conceivable though not capable of 
mental representation, where the axiom does not hold good. The 
axiom was thus shown to be a mere fact of observation, and from that 
time on there could no longer be any thought of a deductive demon- 
stration of it. In view of the intimate connection, which both in an 
historical and epistemological point of view exists between the ex- 
tension of the concept of space and the critical examination of the 
axioms of Euclid, we must enter at somewhat greater length into 
the discussion of the last mentioned propositions. 

Of the axioms which Euclid premises to his geometry, only the 
following three are really geometrical axioms : 

Eighth axiom : Magnitudes which coincide with one another are 
equal to one another. 

Eleventh axiom : If a straight line meet two straight lines so as 
to make the two interior angles on the same side of it taken together 
less than two right angles, these straight lines, being continually 
produced, shall at length meet on that side on which are the angles 
which are less than two right angles. 

Twelfth axiom : Two straight lines cannot inclose a [finite] 
space. 

The numerous proofs which in the course of time were adduced 
in demonstration of these axioms, especially of the eleventh, all turn 
out on close examination to be pseudo-proofs. Legendre drew at- 
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tention to the fact that either of the following axioms might be 
substituted for the eleventh : 

a) Through a point there can be drawn to a straight line, within 
the plane which joins the point with the line, one and one line only 
which shall not intersect the first (parallels) however far the two lines 
may be produced ; 

b) If two parallel lines are cut by a third straight line, the in- 
terior alternate angles will be equal. 

c) The sum of the angles of a triangle is equal to two right 
angles, that is, to the angle of a straight line or 180 . 

By the aid of any one of these three assertions, the eleventh 
axiom of Euclid may be proved, and, vice -versa, by the aid of the 
latter each of the three assertions may be proved, of course with 
the help of the other two axioms, eight and twelve. The perception 
that the eleventh axiom does not admit of c demonstration without 
the employment of one of the foregoing substitutes may best be 
gained from the consideration of congruent figures. Every reader 
will remember from his first instruction in geometry that the con- 
gruence of two triangles is demonstrated by the superposition of one 
triangle on the other and by then ascertaining whether the two com- 
pletely coincide, no assumptions being made in the determination 
except those above mentioned. 




In the case of triangles which are congruent as are I and II in 
the preceding cut, this coincidence may be effected by the simple dis- 
placement of one of the triangles ; so that even a two-dimensional 
being, supposed to be endowed with powers of reasoning, but only 
capable of picturing to itself motions within a plane, also might 
convince itself that the two triangles I and II could be made to 
coincide. But a being of this description could not convince itself 
in like manner of the congruence of triangles I and III. It would 
discover the equality of the three sides and the three angles, but it 
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could never succeed in so superposing the two triangles on each 
other as to make them coincide. A three-dimensioned being, how- 
ever, can do this very easily. It has simply to turn triangle I about 
one of its sides and to shove the triangle, thus brought into the posi- 
tion of its reflection in a mirror, into the position of triangle III. 
Similarly, triangles II and III may be made to coincide by moving 
either out of the plane of the paper around one of its sides as axis 
and turning it until it again falls in the plane of the paper. The 
triangle thus turned over can then be brought into the position of 
the other. 

Later on we shall revert to these two kinds of congruence : 
"congruence by displacement" and "congruence bycircumversion." 
For the present we will start from the fact that it is always possible 
within the limits of a plane to take a triangle out of one position and 
bring it into another without altering its sides and angles. The 
question is, whether this is only possible in the plane, or whether it 
can also be done on other surfaces. 

We find that there are certain surfaces in which this is possible, 
and certain others in which it is not. For instance, it is impossible 
to move the triangle drawn on the surface of an egg into some other 
position on the egg's surface without a distension or contraction of 
some of the triangle's parts. On the other hand, it is quite possible 
to move the triangle drawn on the surface of a sphere into any other 
position on the sphere's surface without a distension or contraction 
of its parts. The mathematical reason of this fact is, that the sur- 
face of a sphere, like the plane, has everywhere the same curvature, 
but that the surface of an egg at different places has different curva- 
tures. Of a plane we say that it has everywhere the curvature zero ; 
of the surface of a sphere we say it has everywhere a positive curva- 
ture, which is greater in proportion as the radius is smaller. There 
are surfaces also which have a constant negative curvature ; these 
surfaces exhibit at every point in directions proceeding from the 
same side a partly concave and a partly convex structure, somewhat 
like the centre of a saddle. There is no necessity of our entering in 
any detail into the character and structure of the last-mentioned 
surfaces. 
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Intimately related with the plane, however, are all those sur- 
faces, which, like the plane, have the curvature zero ; in this cate- 
gory belong especially cylindrical surfaces and conical surfaces. A 
sheet of paper of the form of the sector of a circle may, for example, 
be readily bent into the shape of a conical surface. If two congruent 
triangles, now, be drawn on the sheet of paper, which may by dis- 
placement be translated the one into the other, these triangles will, 
it is plain, also remain congruent on the conical surface ; that is, on 
the conical surface also we may displace the one into the other; for 
though a bending of the figures will take place, there will be no dis- 
tension or contraction. Similarly, there are surfaces which, like the 
sphere, have everywhere a constant positive curvature. On such 
surfaces also every figure can be transferred into some other position 
without distension or contraction of its parts. Accordingly, on all 
surfaces thus related to the plane or sphere, the assumption which 
underlies the eighth axiom of Euclid, that it is possible to transfer 
into any new position any figure drawn on such surfaces without 
distortion, holds good. 

The eleventh axiom in its turn also holds good on all surfaces 
of constant curvature, whether the curvature be zero or positive ; 
only in such instances instead of "straight" line we must say 
"shortest" line. On the surface of a sphere, namely, two shortest 
lines, that is, arcs of two great circles, always intersect, no matter 
whether they are produced in the direction of the side at which the 
third arc of a great circle makes with them angles less than two 
right angles, or, in the direction of the other side, where this arc 
makes with them angles of more than two right angles. On the 
plane, however, two straight lines intersect only on the side where a 
third straight line that meets them makes with them interior angles 
less than two right angles. 

The twelfth axiom of Euclid, finally, only holds good on the 
plane and on the surfaces related to it, but not on the sphere or other 
surfaces which, like the sphere, have a constant positive curvature. 
This also accounts for the fact that one of the three postulates 
which we regarded as substitutes for the eleventh axiom, though 
valid for the plane, is not true for the surface of a sphere ; namely, 
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the postulate that defines the sum of the angles of a triangle. This 
sum in a plane triangle is two right angles ; in a spherical tri- 
angle it is more than two right angles, the spherical triangle be- 
ing greater, the greater the excess the sum of its angles is above 
two right angles. It will be seen, from these considerations, that 
in geometries in which curved surfaces and not fixed planes are 
studied, the axioms of Euclid are either all or partially false. 

The axioms of geometry thus having been revealed as facts of 
experience, the question suggested itself whether in the same way 
in which it was shown that different two-dimensional geometries 
were possible, also different three-dimensional systems of geometry 
might not be developed ; and consequently what the relations were 
in which these might stand to the geometry of the space given by 
our senses and representable to our mind. As a fact, a three-dimen- 
sional geometry can be developed, which like the geometry of the 
surface of an egg will exclude the axiom that a figure or body can 
be transferred from any one part of space to any other and yet re- 
main congruent to itself. Of a three-dimensional space in which 
such a geometry can be developed we say, that it has no constant 
measure of curvature. 

The space which is representable to us, and which we shall 
henceforth call the space of experience, possesses, as our experiences 
without exception confirm, the especial property that every bodily 
thing can be transferred from any one part of it to any other with- 
out suffering in the transference any distension or any contraction. 
The space of experience, therefore, has a constant measure of cur- 
vature. The question, however, whether this measure of curvature 
is zero or positive, that is, whether the space of experience possesses 
the properties which in two-dimensioned structures a plane pos- 
sesses, or whether it is the three-dimensioned analogon of the surface 
of a sphere is one which future experience alone can answer. If the 
space of experience has a constant positive measure of curvature 
which is different from zero, be the difference ever so slight, a point 
which should move forever onward in a straight line, or, more ac- 
curately expressed, in a shortest line, would sometime, though per- 
haps after having traversed a distance which to us is inconceivable, 
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ultimately have to arrive from the opposite direction at the place 
from which it set out, just as a point which moves forever onward 
in the same direction on the surface of a sphere must ultimately ar- 
rive at its starting point, the distance it traverses being longer the 
greater the radius of the sphere or the smaller its curvature. 

It will seem, at first blush, almost incredible, that the space of 
experience even can have this property. But an example, which is 
the historical analogon of this modern transformation of our con- 
ceptions, will render the idea less marvellous. Let us transport our- 
selves back to the age of Homer. At that time people believed that 
the earth was a great disc surrounded on all sides by oceans which 
were conceived to be in all directions infinitely great. Indeed, for 
the primitive man, who has never journeyed far from the place of 
his birth, this is the most natural conception. But imagine now that 
some scholar had come, and had informed the Homeric hero Ulysses 
that if he would travel forever on the earth in the same direction he 
would ultimately come back to the point from which he started ; 
surely Ulysses would have gazed with as much astonishment upon 
this scholar as we now look upon the mathematician who tells us 
that it is possible that a point which moves forever onward in space 
in the same direction may ultimately arrive at the place from which 
it started. But despite the fact that Ulysses would have regarded 
the assertion of the scholar as false because contradictory to his 
familiar conceptions, that scholar, nevertheless, would have been 
right ; for the earth is not a plane but a spherical surface. So also 
the mathematician might be right who bases this more recent strange 
view on the possible fact that the space of experience may have a 
measure of curvature which is not exactly zero but slightly greater 
than zero. If this were really the case, the volume of the space of 
experience, though very large, would, nevertheless, be finite ; just 
as the real spherical surface of the earth as contrasted with the 
Homeric plane surface is finite, having so and so many square miles. 
When the objection is here made that a finiteness of space is totally 
at variance with our modes of thought and conceptions, two ideas, 
" infinitely great " and " unlimited," are confounded. All that is at 
variance with our practical conceptions is that space can anywhere 
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have a limit ; not that it may possibly be of tremendous but finite 
magnitude. 

It will now be asked if we cannot determine by actual observa- 
tion whether the measure of curvature of experiential space is ex- 
actly zero or slightly different therefrom. The theorem of the sum 
of the angles of a triangle and the conclusions which follow from this 
theorem do indeed supply us with a means of ascertaining this fact. 
And the results of observation have been, that the measure of curva- 
ture of space is in all probability exactly equal to zero or if it is slightly 
different from zero it is so little so that the technical means of observation 
at our command and especially our telescopes are not competent to deter- 
mine the amount of the deviation. More, we cannot with any certainty 
say. 

All these reflections, to which the criticism of the hypotheses 
that underlie geometry long ago led investigators, compel us to in- 
stitute a comparison between the space of experience and other 
three-dimensioned aggregates of points (spaces), which we cannot 
mentally represent but can in thought and word accurately define 
and investigate. As soon, however, as we are fully involved in the 
task of accurately investigating the properties of three-dimensional 
aggregates of points, we similarly find ourselves forced to regard 
such aggregates as the component elements of a manifoldness of 
more than three dimensions. In this way the exact criticism of 
even ordinary geometry leads us to the abstract assumption of a 
space of more than three dimensions. And as the extension of every 
idea gives a clearer and more translucent form to the idea as it orig- 
inally stood, here too the idea of multiple-dimensioned aggregates 
of points and the investigation of their properties has thrown a new 
light on the truths of ordinary geometry and placed its properties in 
clearer relief. Amid the numerous examples which show how the 
notion of a space of multiple-dimensions has been of great service 
to science in the investigation of three-dimensioned space, we shall 
give one a place here which is within the comprehension of non- 
mathematicians. 

Imagine in a plane two triangles whose angles are denoted 
by pairs of numbers — namely, by 1-2, 1-3, 1-4, and 2-5, 3-5, 4-5. 
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(See Fig. 2.) Let the two triangles so lie that the three lines which 
join the angles 1-2 and 2-5, 1-3 and 3-5, and 1-4 and 4-5 intersect at 
a point, which we will call 1-5. If now we cause the sides of the 
triangles which are opposite to these angles to intersect, it will be 
found that the points of intersection so obtained possess the peculiar 
property of lying all in one and the same straight line. The point 
of intersection of the connection 1-3 and 1-4 with the connection 4-5 
and 3-5 may appropriately be called 3-4. Similarly, the point of in- 
tersection 2-4 is produced 
by the meeting of 4-5, 2-5 
and 1-2, 1-4 ; and the point 
of intersection 2-3, by the 
meeting of 1-3, 1-2 and 
3-5, 2-5. The statement, 
that the three points of 
intersection 3-4, 2-4, 2-3, 
thus obtained, lie in one 
straight line, can be 
proved by the principles 
,14 of plane geometry only 
with difficulty and great 
circumstantiality. But by 
resorting to the three- 
dimensional space of ex- 
perience, in which the plane of the drawing lies, the proposition may 
be rendered almost self-evident. 

To begin with, imagine any five points in space which may be 
denoted by the numbers 1, 2, 3, 4, 5 ; then imagine all the possible 
ten straight lines of junction drawn between each two of these points, 
namely, 1-2, 1-3 . . . . 4-5 ; and finally, also, all the ten planes of 
junction of every three points described, namely, the plane 1-2-3, 
1-2-4, • • • • 3-4-5- A spatial figure will thus be obtained, whose ten 
straight lines will meet some interposed plane in ten points whose 
relative positions are exactly those of the ten points above described. 
Thus, for example, on this plane the points 1-2, 1-3, and 2-3 will lie in 
a straight line, for through the three spatial points 1, 2, 3, a plane can 




Fig. 2. 
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be drawn which will cut the plane of a drawing in a straight line. 
The reason, therefore, that the three points 3-4, 2-4, 2-3, also must 
ultimately lie in a straight line, consists in the simple fact that the 
plane of the three points 2, 3, 4, must cut the plane of the drawing 
in a straight line. The figure here considered consists of ten points 
of which sets of three so lie ten times in a straight line that con- 
versely from every point also three straight lines proceed. 

Now, just as this figure is a section of a complete three-dimen- 
sional pentagon, so another remarkable figure, of similar proper- 
ties, may be obtained by the section of a figure of four-dimensioned 
space. Imagine, namely, six points, 1, 2, 3, 4, 5, 6, situated in 




Fig. 3- 

this four-dimensioned space, and every three of them connected by 
a plane, and every four of them by a three-dimensioned space. We 
shall obtain thus twenty planes and fifteen three-dimensioned spaces 
which will cut the plane in which the figure is to be produced in 
twenty points and fifteen rays which so lie that each point sends out 
three rays and every ray contains four points. (See Fig. 3.) Fig- 
ures of this description, which are so composed of points and rays 
that an equal number of rays proceed from every point and an equal 
number of points lie in every ray, are called configurations. Other 
configurations may, of course, be produced, by taking a different 



426 THE MON1ST. 

number of points and by assuming that the points taken lie in a 
space of different or even higher dimensions. The author of this 
article was the first to draw attention to configurations derived from 
spaces of higher dimensions. As we see, then, the notion of a space 
of more than three dimensions has performed important work in the 
investigations of common plane geometry. 

In conclusion, I should like to add a remark which Cranz makes 
regarding the application of the idea of multiple-dimensioned space 
to theoretical chemistry. (See the treatise before cited.) In chem- 
istry, the molecules of a compound body are said to consist of the 
atoms of the elements which are contained in the body, and these are 
supposed to be situated at certain distances from one another, and 
to be held in their relative positions by certain forces. At first, the 
centres of the atoms were conceived to lie in one and the same 
plane. But Wislicenus was led by researches in paralactic acid 
to explain the differences of isomeric molecules of the same struc- 
tural formulae by the different positions of the atoms in space. (Com- 
pare "La chimie dans l'espace" by van't Hoff, 1875, preface by J. 
Wislicenus). In fact four points can always be so arranged in space 
that every two of them may have any distance from each other; and 
the change of one of the six distances does not necessarily involve 
the alteration of any other. 

But suppose our molecule consists of five atoms? Four of these 
may be so placed that the distance between any two of them can be 
made what we please. But it is no longer possible to give the fifth 
atom a position such that each of the four distances by which it is 
separated from the other atoms may be what we please. Quite the 
contrary, the fourth distance is dependent on the three remaining 
distances ; for the space of experience has only three dimensions. 
If, therefore, I have a molecule which consists of five atoms I can- 
not alter the distance between two of them without at least altering 
some second distance. But if we imagine the centres of the atoms 
placed in a four-dimensioned space, this can be done ; all the ten 
distances which may be conceived to exist between the five points 
will then be independent of one another. To reach the same result 
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in the case of six atoms we must assume a five-dimensional space ; 
and so on. 

Now, if the independence of all the possible distances between 
the atoms of a molecule is absolutely required by theoretical chem- 
ical research, the science is really compelled, if it deals with mole- 
cules of more than four atoms, to make use of the idea of a space of 
more than three dimensions. This idea is, in this case, simply an 
instrument of research, just as are, also, the ideas of molecules and 
atoms — means designed to embrace in an obvious and systematic 
form the phenomena of chemistry and to discover the conditions 
under which new phenomena can be evoked. Whether a four-di- 
mensioned space really exists is a question whose insolubility cannot 
prevent research from making use of the idea, exactly as chemistry 
has not been prevented from making use of the notion of atom, 
although no one really knows whether the things we call atoms exist 
or not. 

iv. 

REFUTATION OF THE ARGUMENTS ADDUCED TO PROVE THE 

EXISTENCE OF A FOUR-DIMENSIONED SPACE INCLUSIVE 

OF THE VISIBLE WORLD. 

The considerations of the preceding section will have convinced 
the cultured non-mathematician of the service which the theory of 
multiple-dimensioned spaces has done, and bids fair to do, for geo- 
metrical research. In addition thereto is the consideration that every 
extension of one branch of mathematical science is a constant source 
of beneficial and helpful influence to the other branches. The knowl- 
edge, however, that mathematicians can employ the notion of four- 
dimensioned space with good results in their researches, would never 
have been sufficient to procure it its present popularity ; for every 
man of intelligence has now heard of it, and, in jest or in earnest, 
often speaks of it. The knowledge of a four-dimensioned space did 
not reach the ears of cultured non-mathematicians until the conse- 
quences which the spiritualists fancied it was permissible to draw 
from this mathematical notion were publicly known. But it is a tre- 
mendous step from the four- dimensioned space of the mathemati- 
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cians to the space from which the spirit-friends of the spiritualistic 
mediums entertain us with rappings, knockings, and bad English. 
Before taking this step we will first discuss the question of the real 
existence of a four-dimensional space, not judging the question 
whether this space, if it really does exist, is inhabited by reasonable 
beings who consciously act upon the world in which we exist. 

Among the reasons which are put forward to prove the exist- 
ence of a four-dimensional space containing the world, the least rep- 
rehensible are those which are based on the existence of symmetry. 
We spoke above of two triangles in the same plane which have all 
their sides, and angles congruent, but which cannot be made to coin- 
cide by simple displacement within the plane ; but we saw that this 
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coincidence could be effected by holding fast one side of one triangle 
and moving it out of its plane until it had been so far turned round 
that it fell back into its plane. Now something similar to this ex- 
ists in space. Cut two figures, exactly like that of Fig. 4, out of 
apiece of paper, and turn the triangle ABF about the side A B, 
A CE about the side AC, B CD about the side B C, and in one fig- 
ure above and in the other below ; then in both cases the points D, 
E, F will meet at a point, because AE is equal to AF, BF is equal 
to BD, CD is equal to CE. In this manner we obtain two pyra- 
mids which in all lengths and all angles are congruent, yet which 
cannot, no matter how we try, be made to coincide, that is, be so 
fitted the one into the other that they shall both stand as one pyra- 
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mid. But the reflected image of the one could be brought into coin- 
cidence with the other. Two spatial structures whose sides and an- 
gles are thus equal to each other, and of which each may be viewed 
as the reflected image of the other, are called symmetrical. For in- 
stance, the right and the left hand are symmetrical ; or, a right and 
a left glove. Now just as in two dimensions it is impossible by 
simple displacement to bring into congruence triangles which like 
those above mentioned can only be made to coincide by circumver- 
sion, so also in three dimensions it is impossible to bring into con- 
gruence two symmetrical pyramids. Careful mathematical reflec- 
tion, however, declares, that this could be effected if it were possible, 
while holding one of the surfaces, to move the pyramid out of the 
space of experience, and to turn it round through a four-dimen- 
sioned space until it reached a point at which it would return again 
into our experiential space. This process would simply be the four- 
dimensional analogon of the three-dimensional circumversion in the 
above-mentioned case of the two triangles. Further, the interior 
surfaces in this process would be converted into exterior surfaces, 
and vice versa, exactly as in the circumversion of a triangle the an- 
terior and posterior sides are interchanged. If the structure which 
is to be converted into its symmetrical counterpart is made of a 
flexible material, the interchange mentioned of the interior and 
exterior surfaces may be effected by simply turning the structure in- 
side out ; for example, a right glove may thus be converted into a 
left glove. 

Now from this truth, that every structure can be converted by 
means of a four-dimensional space inclusive of the world, into a 
structure symmetrical with it, it has been sought to establish the 
probability of the real existence of a four-dimensioned space. Yet 
it will be evident, from the discussions of the preceding section, that 
the only inference which we can here make is, that the idea of a 
four-dimensioned space is competent, from a mathematical point of 
view, to throw some light upon the phenomena of symmetry. To 
conclude from these facts that a space of this kind really exists, 
would be as daring as to conclude from the fact that the uniform 
angular velocity of the apparent motions of the fixed stars is expli- 
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cable from the assumption of an axial motion of the firmament, that 
the fixed stars are really rigidly placed in a celestial sphere rotating 
about its axis. It must not be forgotten that our comprehension of 
the phenomena of the real world consists of two elements : first, of 
that which the things really are ; and, second, of that by which we 
rationally apprehend the things. This latter element is partly de- 
pendent on the sum of the experiences which we have before ac- 
quired, and partly on the necessity, due to the imperfection of rea- 
son, of our embracing the multitudinous isolated phenomena of the 
world into categories which we ourselves have formed, and which, 
therefore, are not wholly derived from the phenomena themselves, 
but to a great extent are dependent on us. 

Besides geometrical reasons, Zollner has also adduced cosmo- 
logical reasons to prove the existence of a four-dimensional space. 
To these reasons belong especially the questions whether the num- 
ber of the fixed stars is infinitely great, whether the world is finite 
or infinite in extension, whether the world had a beginning or will 
have an end, whether the world is not hastening towards a condition 
of equilibrium or dead level by the universal distribution of its matter 
and energy ; the problems, also, of gravitation and action at a dis- 
tance ; and finally, the questions concerning the relations between 
the phenomena in the world of sense-perception to the unknown 
things- in-themselves. All these questions which can be decided in 
no definite sense, led Zollner and his followers to the assumption 
that a four-dimensioned space inclusive of the space of experience 
must really exist. But more careful reflection will show that this 
assumption does not dispose of the difficulties but simply displaces 
them into another realm. Furthermore, even if four-dimensioned 
space did unravel and make clear all the cosmological problems 
which have bothered the human mind, still, its existence would not 
be proved thereby ; it would yet remain a mere hypothesis, designed 
to render more intelligible to a being who can only make experiences 
in a three-dimensional space, the phenomena therein which are full 
of mystery to it. A four-dimensioned space would in such case pos- 
sess for the metaphysician a value similar to that which the ether 
possesses for the physicist. Still more convincing than these cos- 
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mological reasons to the majority of men is the physio-psychological 
reason drawn from the phenomena of vision which Zollner adduces. 
Into this main argument we will enter in more detail. 

When we "see " an object, as we all know, the light which pro- 
ceeds or is reflected therefrom produces an image on the retina of 
our eye ; this image is conducted to our consciousness by means of 
the optical nerve, and our reason draws therefrom an inference re- 
specting the object. When, now, we look at a square whose sides 
are a decimetre in length, and whose centre is situated at the distance 
of a metre from the pupil of our eye, an image is produced on the 
retina. But exactly the same image will be produced there if we 
look at a square whose sides are parallel to the sides of the first 
square but two decimetres in length, and whose centre is situated 
at a distance of two metres from the pupil of the eye. Proceeding 
thus further, we readily discover that an eye can perceive in any 
length or line only the ratio of its magnitude to the distance at which 
it is situated from it, and that generally a three-dimensional world 
must appear to the eye two-dimensional, because all points which 
lie behind each other in the direction outwards from the eye pro- 
duce on the retina only one image. This is due to the fact that the 
retinal images are themselves two-dimensional ; for which reason, 
Zollner says, the world must appear to a child as two-dimensional, 
if it be supposed to live in a primitive condition of unconscious men- 
tal activity. To such a child two objects which are moving the one 
behind the other, must appear as suffering displacement on a sur- 
face, which we conceive behind the objects, and on which the latter 
are projected. In all these apparent displacements, coincidences 
and changes of form also are effected. All these things must appear 
puzzling to a human being in the first stages of its development, 
and the mind thus finds itself, as Zollner further argues, in the first 
years of childhood forced to adopt a hypothesis concerning the con- 
stitution of space and to assume that the world is three-dimensional, 
although the eye can really perceive it as only two-dimensional. 
Zollner then further says, that in the explanation of the effects of 
the external world, man constantly finds this hypothesis of his child- 
ish years confirmed, and that in this way it has become in his mind 
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so profound a conviction that it is no longer possible for him to 
think it away. Consonant with this argumentation, also, is Zoll- 
ner's remark, that the same phenomenon has presented itself in 
astronomical methods of knowledge. To explain the movements of 
the planets, which appear to describe regular paths on the surface 
of a celestial sphere, we were compelled in the solution of the rid- 
dles which these motions presented, to assume in the structure of the 
heavens a dimension of "depth," and the complicated motions in 
the two-dimensioned firmament were converted into very simple 
motions in three-dimensioned space. Zollner also contends that our 
conception of the entire visible world as possessed of three dimen- 
sions is a product of our reason, which the mind was driven to form 
by the contradictions which would be presented to it on the assump- 
tion of only two dimensions by the perspective distortions, coinci- 
dences, and changes of magnitude of objects. When a child moves 
its hand before its eyes, turns it, brings it nearer, or pushes it farther 
away, this child successively receives the most various impressions 
on the surface of its retina of one and the same object of whose 
identity and constancy its feelings offer it a perfect assurance. If 
the child regarded the changeable projection of the hand on the sur- 
face of the retina as the real object, and not the hand which lies be- 
yond it, the child would constantly be met with contradictions in its 
experience, and to avoid this it makes the hypothesis that the space 
of experience is three-dimensional. Zollner's contention is, there- 
fore, that man originally had only a two-dimensional intuition of 
space, but was forced by experience to represent to himself the ob- 
jects which on the retinal surface appeared two-dimensional, as 
three-dimensional, and thus to transform his two-dimensional space- 
intuition into a three-dimensional one. Now, in exactly the same 
way, according to Zollner's notion, will man, by the advancement 
and increasing exactness of his knowledge of the phenomena of the 
outer world, also be compelled to conceive of the material world as 
a "shadow cast by a more real four-dimensional world," so that 
these conceptions will be just as trivial for the people of the twen- 
tieth century as since Copernicus's time the explanation of the mo- 
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tions of the heavenly bodies by means of a three-dimensional motion 
has been. 

Zollner's arguments from the phenomena of vision may be re- 
futed as follows : In the first place it is incorrect to say that we see 
the things of the external world by means of two-dimensional retinal 
images. The light which penetrates the eye causes an irritation of 
the optical nerves, and any such effect which, though it be not 
powerful, is, nevertheless, a mechanical one, can only take place on 
things which are material. But material things are always three- 
dimensional. The effect of light on the sensitive plates of photog- 
raphy can with just as little justice be regarded as two-dimensional. 
Our senses can have perception of nothing but three-dimensional 
things, and this perception is effected by forces which in their turn 
act on three-dimensional things, namely, our sensory nerves. It is 
wrong to call an image two-dimensional, for it is only by abstraction 
that we can conceive of a thickness so growing constantly smaller 
and smaller as to admit of our regarding a three-dimensional picture 
as two-dimensional, by giving it in mind a vanishingly small thick- 
ness. It is also wrong to say, as Zollner says, that when we see the 
shadow of a hand which is cast upon a wall we see something two- 
dimensional. What we really perceive is that no light falls upon 
our eye from the region included by the shadow, while from the en- 
tire surrounding region light does fall on our eye. But this light is 
reflected from the material particles which form the surface of the 
wall, that is, from three-dimensional particles of matter. We must 
always remember that our eye communicates to us only three-dimen- 
sional knowledge, and that for the comprehension of anything which 
has two, one, or no dimensions, a purely intellectual act of abstraction 
must be added to the act of perception. When we imagine we have 
made a lead-pencil mark on paper, we have, exactly viewed, simply 
heaped along side of each other little particles of graphite in such a 
manner that there are by far fewer graphite particles in the lateral 
and upward directions than there are in the longitudinal direction, 
and thus our reason arrives by abstraction at the notion of a straight 
line. When we look at an object, say a cube of wood, we recognise 
the object as three-dimensional, and it is only by abstraction that we 
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can conceive of its two-dimensional surfaces, of its twelve one- 
dimensional edges, and of its eight no-dimensional corners. For 
we reach the perception of its surface, for example, solely by reason 
of the fact that the material particles which form the cube prevent 
the transmission of light, and reflect it, whereby a part of the light 
reflected from every material particle strikes our eye. Now, by 
thinking exclusively of those material particles which are reflected, 
in contrariety to the empty space without and the hidden and there- 
fore non-reflected particles within, we form the notion of a surface. 
It is evident from this, that all that we perceive is three-dimen- 
sional, that we cannot come at anything two-dimensional without an 
intellectual abstraction, and that, therefore, we cannot conceive of 
anything two-dimensional exerting effects upon material things. But 
this fact is a refutation of the retinal argument of Zollner. If vision 
consisted wholly and exclusively in the creation of a two-dimen- 
sioned image, the things which take place in the world could never 
come into our consciousness. The child, therefore, does not orig- 
inally apprehend the world, as Zollner says, as two-dimensional ; 
on the contrary, it apprehends it either not at all, or it apprehends 
it as three-dimensional. Of course the child must first "learn how" 
to see. It is found from the observation of children during the first 
months of their lives, and of the congenitally blind, who have sud- 
denly acquired the power of vision by some successful operation, 
that seeing does not consist alone in the irritations which arise in 
the optic nerves, but also in the correct interpretation of these irri- 
tations by reason. This correct interpretation, however, can be ac- 
complished only by the accumulation of a considerable stock of ex- 
perience. Especially must the recognition of the distance of the 
object seen, be gradually learned. In this, two things are especially 
helpful ; first, the fact that we have two eyes and, consequently, that 
we must feel two irritations of the optic nerves which are not wholly 
alike ; and secondly, the fact that we are enabled by our power of 
motion and our sense of touch to convince ourselves of the distance 
and form of the bodies seen. The question now arises, what sort of 
an intuition of space would a creature have that had only one eye, 
that could neither move itself nor its eye, and also possessed no 
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peripheral nerves. According to Zollner's view, this creature could, 
owing to its two-dimensional retinal images, only have a two dimen- 
sional intuition of space. The author's opinion, however, is, that 
such a creature could not see at all, as it has no possibility of col- 
lecting experiences which are adapted in any way to interpreting the 
effects of things on its retina. The light which proceeded from the 
objects roundabout and fell on the retina could produce no other 
effect on the being than that of a wholly intelligible irritation, or, 
perhaps, even pain. 

The reflections presented sufficiently show that neither the phe- 
nomena of symmetry nor the retinal images of the objects of vision 
necessarily force upon us the assumption of a four-dimensioned space. 
If the material world should ever present problems which could not 
in the progress of knowledge be solved in a natural way, the assump- 
tion that a four-dimensional space containing the world exists would 
also be incompetent to resolve the difficulties presented ; it would 
simply convert these difficulties into others, and not dispose of the 
problems but simply displace them to another world. Yet the ques- 
tion might be asked, Is the existence of a four-dimensional space 
really impossible ? To answer this question, we must first clearly 
know what we mean by "exist." If existence means that the intel- 
lectual idea of a thing can be formed and that this idea shall not lead 
to contradictions with other well-established ideas and with expe- 
rience, we have only to say that four-dimensioned space does exist, 
as the arguments adduced in sections II and III have rendered 
plain. If, namely, the space of four dimensions did not exist as a 
clear idea in the minds of mathematicians, mathematicians could 
certainly not have been led by this idea to results which are recog- 
nised by the senses as true, and which really take place in our own 
representable space. But if existence means "material actuality" 
we must say that we neither now nor in the future can know any- 
thing about it. For we know material actuality only as three di- 
mensional, our senses can only make three-dimensional experiences, 
and the inferences of our reason, although they can well abstract 
from material things, can never ascend to the point of explaining a 
four-dimensional materiality. Just as little, therefore, as we can 
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locally fix the idea of a two-dimensional material world, as little 
can we substantiate the notion of a four-dimensioned material 
existence. 

v. 

EXAMINATION OF THE HYPOTHESIS CONCERNING THE EXISTENCE 
OF FOUR-DIMENSIONAL SPIRITS. 

In connection with the belief that the visible world is contained 
in a four-dimensioned space, Zollner and his adherents further hold 
that this higher space is inhabited by intelligent beings who can 
act consciously and at will on the human beings who live in expe- 
riential space. To invest this opinion with greater strength Zollner 
appealed to the fact that the greatest thinkers of antiquity and of 
modern times were either wholly of this opinion or at least held 
views from which his contentions might be immediately derived. 
Plato's dialogue between Socrates and Glaukon in the seventh book 
of the Republic, is evidence, says Zollner, that this greatest philos- 
opher of antiquity possessed some presentiment of this extension of 
the notion of space. Yet any one who has connectedly studied and 
understood Plato's system of philosophy must concede that the so- 
called "ideas" of the Platonic system denote something wholly dif- 
ferent from what Zollner sees in them or pretends to see. Zollner 
says that these Platonic ideas are spatial objects of more than three 
dimensions and represent "real existence" in the same sense that 
the material world, as contrasted with the images on the retina, rep- 
resents it. Zollner similarly deals with the Kantian "thing-in-it- 
self," which is also regarded as an object of higher dimensions. 

To show Kant in the light of a predecessor, Zollner quotes the 
following passage from the former's "Traume eines Geistersehers, 
erlautert durch Traume der Metaphysik " (1766, Collected Works, 
Vol. VII, page 32 et seqq.): "I confess that 1 am very much in- 
clined to assert the existence of immaterial beings in the world, 
" and to rank my own soul as one of such a class. It appears, there 
" is a spiritual essence existent which is intimately bound up with 
" matter but which does not act on those forces of the elements by 
"which the latter are connected, but upon some internal principle 
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"of its own condition. It will, in the time to come — I know not 
' ' when or where— be proved, that the human soul, even in this life, 
" exists in a state of uninterrupted connection with all the imma- 
"terial natures of the spiritual world ; that it alternately acts on 
"them and receives impressions from them, of which, as a human 
"soul, it is not, in the normal state of things, conscious. It would 
" be a great thing, if some such systematic constitution of the spirit- 
"ual world, as we conceive it, could be deduced, not exclusively 
* ' from our general notion of spiritual nature, which is altogether too 
"hypothetical, but from some real and universally admitted obser- 
" vations, — or, for that matter, if it could even be shown to be prob- 
"able." 

What Kant really asserts here is, first, the partly independent 
and partly dependent existence of the soul, and of spiritual beings 
generally, on matter, and, second, that spiritual beings have some 
common connection with and mutually influence one another. This 
contention, which is that of very many thinkers, does not, how- 
ever, entail the consequence that the "transcendental subject of 
Kant " must be four-dimensional, as Zollner asserts it does. Kant 
never even hinted at the theory that the psychical features of the 
world owe their connection with the material features to the fact 
that they are four-dimensional and, therefore, include the three^ 
dimensional. Is it a necessary conclusion that if a thing exists and 
is not three-dimensional, as is the case with the soul,, that it is there- 
fore four-dimensional ? Can it not in fact be so constituted that it is 
wholly meaningless to speak of dimensions at all in connection 
with it ? 

Yet still more strongly than the words of Plato and Kant do 
certain utterances of the mathematicians Gauss and Riemann speak 
in favor of Zollner's hypothesis. S. v. Waltershausen relates of 
Gauss in his "Gruss zum Gedachtnis," (Leipsic, 1856,) that Gauss 
had often remarked that the three dimensions of space were only 
a specific peculiarity of the human mind. We can think ourselves, 
he said, into beings who are only conscious of two dimensions ; 
similarly, perhaps, beings who are above and outside our world may 
look down upon us ; and there were, he continued, in a jesting tone, 
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a number of problems which he had here indefinitely laid aside, but 
hoped to treat in a superior state by superior geometrical methods. 
Leaving aside this jest, which quite naturally suggested itself, the 
remarks of Gauss are quite correct. We possess the power to ab- 
stract and can think, therefore, what kind of geometry a being that 
is only acquainted with a two-dimensional world would have ; for 
instance, we can imagine that such a being could not conceive of 
the possibility of making two triangles coincide which were con- 
gruent in the sense above explained, and so on. So, also, we can 
understand that a being who has control of four dimensions can only 
conceive of a geometry of four-dimensional space, yet may have the 
capacity of thinking itself into spaces of other dimensions. But it 
does not follow from this that a four-dimensional space exists, let 
alone that it is inhabited by reasonable beings. 

Riemann, on the other hand, speaks directly of a world of spir- 
its. In his " Neue mathematische Principien der Naturphilosophie " 
he puts forth the hypothesis that the space of the world is filled with 
a material that is constantly pouring into the ponderable atoms, 
there to disappear from the phenomenal world. In every ponderable 
atom, he says, at every moment of time, there enters and appears a 
determinate amount of matter, proportional to the force of gravita- 
tion. The ponderable bodies, according to this theory, are the 
place at which the spiritual world enters and acts on the material 
world. Riemann's world of spirits, the sole office of which is to ex- 
plain the phenomenon of gravitation as a force governing matter, is, 
though, essentially different from the spiritual world of Zollner, the 
function of which is to explain supposed supersensuous phenomena 
which stand in the most glaring contradiction with the established 
known laws of the material world. 

Besides this appeal to the testimony of eminent men like Plato, 
Kant, Gauss, and Riemann, the scientific prophet of modern spirit- 
ualism also bases his theory on the belief, which has obtained at all 
times and appeared in various forms among all peoples, that there 
exist in the world forces which at times are competent to evoke 
phenomena that are exempt from the ordinary laws of nature. We 
have but to think of the phenomena of table-turning which once ex- 
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cited the Chinese as much as it has aroused, during the last few 
decades, the European and American worlds ; or of the divining- 
rod, by whose help our forefathers sought for water, in fact, as we 
do now in parts of Europe and America. 

Cranz, in his essay on the subject, divides spiritualistic phe- 
nomena into physical and intellectual. Of the first class he enume- 
rates the following : the moving of chairs and tables ; the animation 
of walking-sticks, slippers, and broomsticks ; the miraculous throw- 
ing of objects ; spirit-rappings (Luther heard a sound in the Wart- 
burg, "as if three score casks were hurled down the stairs"); the 
ecstatic suspension of persons above the floor ; the diminution of 
the forces of gravity ; the ordeals of witches ; the fetching of wished- 
for objects ; the declination of the magnetic needle by persons at a 
distance ; the untying of knots in a closed string ; insensibility to 
injury and exemption therefrom when tortured, as in handling red- 
hot coals, carrying hot irons, etc. ; the music of invisible spirits ; 
the materialisations of spirits or of individual parts of spirits (the 
footprints in the experiments of Slade, photographed by Zollner); 
the double appearance of the same person ; the penetration of mat- 
ter (of closed doors, windows, and so forth). As numerous also is 
the selection presented by Cranz of intellectual phenomena, namely : 
spirit-writing (Have's instrument for the facilitation of intercourse 
with spirits), the clairvoyance and divination of somnambulists, of 
visionary, ecstatic, and hypnotised persons, prompted or controlled 
by narcotic medicines, by sleeping in temples, by music and dancing, 
by ascetic modes of life and residence in barren localities, by the exu- 
dations of the soil and of water, by the contemplation of jewels, 
mirrors, and crystal-pure water, and by anointing the finger-nails 
with consecrated oil. Also the following additional intellectual phe- 
nomena are cited : increased eloquence or suddenly acquired power 
of speaking in foreign languages ; spirit-effects at a distance ; ina- 
bility to move, transferences of the will, and so forth. 

All these phenomena, presented with the aspect of truth, and 
associated more or less with trickery, self-deception, and humbug, 
are adduced by the spiritualists to substantiate the belief in a world 
of spirits which consciously and purposely take part in the events 
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of the material world, and that these phenomena may be sufficiently 
and consistently explained by the effects of the activity of such a 
world. It is impossible for us to discuss and put to the test here 
the explanations of all these supersensuous phenomena. Anything 
and everything can be explained by spirits who act at will upon the 
world. There are only a few of these phenomena, namely, clair- 
voyance and Slade's experiments, whose explanations are so inti- 
mately connected with our main theme, the so-called fourth dimen- 
sion, that they cannot be passed over. 

First, with respect to clairvoyance, the American visionary Da- 
vis describes the experiences which he claims to have made in this 
condition, induced by "magnetic sleep," as follows:* "The sphere 
of my vision now began to expand. At first, I could only clearly 
discern the walls of the house. At the start they seemed to me dark 
and gloomy ; but they soon became brighter and finally transparent. 
I could now see the objects, the utensils, and the persons in the ad- 
joining house as easily as those in the room in which I sat. But my 
perceptions extended further still ; before my wandering glance, 
which seemed to control a great semi-circle, the broad surface of 
the earth, for hundreds of miles about me, grew as transparent as 
water, and I saw the brains, the entrails, and the entire anatomy of 
the beasts that wandered about in the forests of the eastern hemi- 
sphere, hundreds and thousands of miles from the room in which I 
sat." The belief in the possibility of such states of clairvoyance is 
by no means new. Alexander Dumas made use of it, for example, 
in his "M£moires d'un m^dicin," in which Count Balsamo, after- 
wards called Cagliostro, is said to possess the power of transforming 
suitable persons into this wonderful condition and thus to find out 
what other persons at distant places are doing. Zollner explains 
clairvoyance by means of the fourth dimension thus : 

A man who is accustomed to viewing things on a plain is sup- 
posed to ascend to a considerable height in a balloon. He will 
there enjoy a much more extended prospect than if he had remained 
on the plain below, and will also be able to signal to greater dis- 

* Quoted by Cranz. 
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tances. The plain, that is, the two-dimensioned space, is accord- 
ingly viewed by him from points outside of the plain as "open" in 
all directions. Exactly so, in Zollner's theory, must three-dimen- 
sioned spaces appear, when viewed from points in four-dimensioned 
space, namely, as "open"; and the more so in proportion as the 
point in question is situated at a greater distance from the place of 
our body, or in proportion as the soul ascends to a greater height in 
this fourth dimension. Zollner thus explains clairvoyance as a con- 
dition in which the soul has displaced itself out of its three-dimen- 
sioned space and reached a point which with respect to this space is 
four-dimensionally situated and whence it is able to contemplate the 
three-dimensional world without the interference of intervening ob- 
stacles. 

The following remark is to be made to this explanation. The 
reason why we have a better and more extended view from a bal- 
loon than from places on the earth is simply this, that between the 
suspended balloon and the objects seen at a distance nothing inter- 
venes but the air, and air allows the transmission of light, whereas, 
at the places below on the earth there are all kinds of material 
things about the observer which prevent the transmission of light 
and either render difficult or absolutely impossible the sight of 
things which lie far away. In the same way, also, from a point in 
four-dimensioned space, a three-dimensional object will be visible 
only provided there are no obstacles intervening. If, therefore, this 
awareness of a distant object is a real, actual vision by means of a 
luminous ray which strikes the eye, there is contained in the ex- 
planation of Zollner the tacit assumption that the medium with 
which the four-dimensional world is filled is also pervious to light 
exactly as the atmosphere is. 

The theory that there are four-dimensional spirits who produce 
the phenomena cited by the spiritualists received special support 
from the experiments which the prestidigitateur Slade, who claimed 
he was a spiritualistic medium, performed before Zollner. Of these 
experiments we will speak of the two most important, the experi- 
ment with the glass sphere and the experiment with the knots. To. 
explain the connection of the glass sphere experiment with the fourth 
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dimension, we must first conceive of two-dimensional reasoning be- 
ings, or, let us say, two-dimensional worms, living and moving in a 
plane. For a creature of this kind it will be self-evident that there 
are no other paths between two points of its plane than such as lie 
within the plane; It must, accordingly, be beyond the range of 
conception of this worm, how any two-dimensional object which lies 
within a circle in its space can be brought to any other position in 
its space outside the circle without the object passing through the 
barriers formed by the circle's circumference. But if this worm 
could procure the services of a three-dimensional being, the trans- 
portation of the object from a position within the circle to any posi- 
tion outside it could be effected by the three-dimensional being sim- 
ply taking the object out of the plane and placing it at the desired 
point. This object, therefore, would, in an inexplicable manner, 
suddenly disappear before the eyes of the worms who were assem- 
bled as spectators, and after the lapse of an interval of time would 
again appear outside the circle without having passed at any point 
through the circle's circumference. If now we add another dimen- 
sion, we shall derive from this trick, which is wholly removed from 
the sense-perception of the flattened worms, the following experi- 
ment, which is wholly beyond the perception of us human beings. 
Inside a glass sphere, which is closed all around, a grain of corn is 
placed ; the problem is to transport the corn to some place outside 
the sphere without passing through the glass surface. Now we 
should be able to perform this trick if some four-dimensional being 
would render us the same aid that we before rendered the two- 
dimensional worm. For the four-dimensional being could take the 
grain of corn into his four-dimensional space and then replace it in 
our space in the desired spot outside of the glass sphere. Slade 
performed this trick before Zollner. Its mere performance sufficed 
to convince this latter investigator that Slade had here made use of 
a four-dimensional agent, who, in respect of power of motion, con- 
trolled his four-dimensional space as we do our three-dimensional 
space. It never occurred to Zollner that this experiment was the 
cleverly executed trick of a prestidigitateur, or, as it would at once 
occur to us, that the whole thing was a sensory illusion. The fact 
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that we cannot explain a trick easily and naturally does not irrevo- 
cably prove that it is accomplished by other means than those which 
the world of matter presents. 

Still better known than this last performance is Slade's experi- 
ments with knots. To explain this in connection with the fourth 
dimension, we must resort again to the plane and the flat worm in- 
habiting it. To two parallel lines in a plane let the two ends of a 
third line, which has a double point, that is, intersects itself once, 
be attached. Our flat worm would not be able to untie the loop 
formed by the doubled third line, which we will call a string, be- 
cause it cannot execute motions in three dimensions. If, therefore, 
a two-dimensional prestidigitateur should appear and accomplish 
the trick of untying this loop without removing the two ends of the 
string from the parallel lines, he will have accomplished for our flat 
worm a supersensuous experiment. A human being engaged in the 
service of the prestidigitateur could execute for him the experiment 
by simply lifting the string a little out of the plane, pulling it taut, 
and placing it back again. This suggests the following analogous 
experiment for three-dimensional beings. The two ends of a string 
in which a common knot has been made are sealed to the opposite 
walls of a room. The problem is to untie this knot without break- 
ing the seals at the two ends of the string. Everybody knows that 
this problem is not soluble, but it may be calculated mathematically 
that the knot in the string can be untied as easily by motions in a 
fourth dimension of space as in the experiment above described the 
knot in the two-dimensional string was untied by a three-dimensional 
motion. Now as Slade untied the knot before Zollner's eyes without 
apparently making any use of the ends fastened in the walls, Zollner 
was still more strongly confirmed in the view that Slade had power 
over spirits who performed the experiments for him. 

Still more far-reaching is the theory of Carl du Prel concerning 
the relations of the material and the four-dimensional world. (Com- 
pare his numerous essays, in the spiritualistic magazine Sphinx.) 
Just as the shadows of three-dimensional objects cast on a wall are 
controlled in their movements by the things whose projections they 
are, in the same way it is claimed does there exist back of every- 
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thing of this sense-perceptible world a real transcendental and four- 
dimensional "thing-in itself" whose projection in the space of ex- 
perience is what we falsely regard as the independent thing. Thus 
every man besides existing in his terrestrial self also exists in a spir- 
itual or astral self which constantly accompanies him in his walks 
through life and whose existence is especially proclaimed in states 
of profound sleep, of somnambulism, and in the conditions of medi- 
ums. In this way Du Prel explains the wonderful feats of somnam- 
bulists, and the aerial journeys of sorcerers and witches. Whereas, 
ordinarily the separation of the material body from the astral body 
is only effected at the moment of death ; in the case of somnambu- 
lists this separation may take place at any time, or, as Du Prel says : 
"the threshold of feeling may be permanently displaced." 

In view of the natural relations of such theories to the dogmas 
of Christianity it is explainable that theologians also have raised 
their voices for or against spiritualism. While the Protestant Church 
Times beheld in the ' ' repulsive thaumaturgic performances which 
these coryphaei of modern science offer, a lack of comprehension of 
real philosophy," the magazine The Proof of Faith, expresses its de- 
light at the discovery of spiritualism in the following manner : 
" Every Christian will surely rejoice at the deep and perhaps mortal 
wound which these new discoveries have in all probability admin- 
istered to modern materialism." 

We shall pass by the childish opinion that the Bible also speaks 
of four dimensions, as both in Job (xi, 8-9) and in the Epistle to the 
Ephesians (iii, 18) only breadth, length, depth, and height, that 
is, four directions of extension, are mentioned. Yet we will still add, 
as Cranz has done, the reflections which Zollner, as the most prom- 
inent representative of modern spiritualism, has put forward re- 
specting its relation to the doctrines of Christianity ( Wissensch. Al>- 
handl., Vol. III). By the foundation of transcendental physics on the 
basis of spiritualistic phenomena, the "new light" has arisen which 
is spoken of in the New Testament. The rending of the veil of the 
Temple on the crucifixion of Christ, the resurrection, the ascension, 
the transfiguration, the speaking with many tongues on the giving 
out of the Holy Ghost, all these are in Zollner's view spiritualistic 
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phenomena. Similarly, he sees a reference to the four-dimensional 
world of spirits in all those sayings of Christ in which the latter 
speaks to his Apostles of the impossibility of their having any image 
or notion of the place to which when he disappeared he would go 
and whence he would return. (Gospel of St. John, xiii, 33, 36; xiv, 
2, 3, 28; xvi, 5, 13). 

Ulrici, however, goes furthest in the mingling of spiritualistic 
and Christian beliefs ; for he sees in the doctrine of spiritualism a 
means of strengthening belief in a supreme moral world-order and 
in the immortality of the soul. In answer to Ulrici's tract "Spirit- 
ualism So-called, a Question of Science" (1889) Wundt wrote an 
annihilating reply bearing the title "Spiritualism, a Question of 
Science So-called." Wundt criticises the future condition of our 
souls according to spiritualistic hypotheses in the following sarcastic 
yet pertinent words, which Cranz also quotes : " (1) Physically, the 
"souls of the dead come into the thraldom of certain living beings 
"who are called mediums. These mediums are, for the present, at 
"least, a not widely diffused class and they appear to be almost ex- 
clusively Americans. At the command of these mediums, departed 
" souls perform mechanical feats which possess throughout the char- 
" acter of absolute aimlessness. They rap, they lift tables and chairs, 
" they move beds, they play on the harmonica, and do other similar 
"things. (2) Intellectually, the souls of the dead enter a condition 
"which, if we are to judge from the productions which they deposit 
"on the slates of the mediums, must be termed a very lamentable 
"one. These slate-writings belong throughout in the category of 
"imbecility ; they are totally bereft of any contents. (3) The most 
"favored, apparently, is the moral condition of the soul. According 
"to the testimony which we have, its character cannot be said to be 
"anything else than that of utter harmlessness. From brutal per- 
"formances, such, for instance, as the destruction of bed-canopies, 
" the spirits most politely refrain." Wundt then laments the de- 
moralising effect which spiritualism exercises on people who have 
hitherto devoted their powers to some serious pursuit or even to the 
service of science. In fact it is a presumptuous and flagrant pro- 
cedure to forsake the path of exact research, which slow as it is, 
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yet always leads to a sure extension of knowledge, in the hope that 
some aimless, foolhardy venture into the realm of uncertainty will 
carry us further than the path of slow toil, and that we can ever thus 
easily lift the veil which hides from man the problems of the world 

that are yet unsolved. 

* 
* * 

Now that we have presented the opinions of others respecting 
the existence of a four-dimensional world of spirits, the author would 
like to develop one or two ideas of his own on the subject. In the 
preceding section it was stated that everything that we perceive by 
our senses is three-dimensional and that everything that possesses 
four or more dimensions can only be regarded as abstractions or fic- 
tions which our reason forms in its constant efforts after an extension 
and generalisation of knowledge. To speak of a two-dimensional 
matter is as self-contradictory as the notion of four-dimensional 
matter. But a two or a four-dimensional world might exist in some 
other manner than a material manner, and for all we know in one 
which to us does not admit of representation. But in such a case, 
if it were without the power of affecting the material world, we should 
never be able to acquire any knowledge concerning its existence, 
and it would be totally indifferent to the people of the three-dimen- 
sional world, whether such a world existed or not. Just as an artist 
during his lifetime produces a number of different works of art, so 
also the Creator might have created a number of different-dimen- 
sioned worlds which in no wise interfere with one another. In such 
a case, any one world would not be able to know anything of any 
other, and we must consequently regard the question whether a 
four-dimensional world exists which is incapable of affecting ours, 
as insoluble. We have only to examine, therefore, the question 
whether the phenomenal world perhaps is a single individual in a 
great layer of worlds of which every successive one has one more 
dimension than the preceding and which are so connected with one 
another that each successive world contains and includes the pre- 
ceding world, and, therefore, can produce effects in it. For our 
reason, which draws its inferences from the phenomena of this world, 
tells us, that if outside the three-dimensional world there exists a 
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second four-dimensional world, containing ours, there is no reason 
why worlds of more or less dimensions should not, with the same 
right, also exist. But if now, as Zollner and his adherents main- 
tain, four-dimensional spirits exist which can act by the mere efforts 
of their own wills on our world, there is surely no reason why we 
three-dimensional beings should not also be able to produce effects 
on some two-dimensional animated world. Whether we have, gen- 
erally, any such influence we do not know, but we certainly do know 
that we do not act purposely and consciously on a two-dimensional 
world. If, therefore, Zollner were right, the plan of creation 
would possess the wonderful feature that four-dimensional beings 
are capable of arbitrarily affecting the three-dimensional world, but 
that three-dimensional beings have no right in their turn consciously 
to affect a two-dimensional world. 

The supporters of Zollner's hypothesis will perhaps reply to 
the objection just made, that the plan of creation might, after all, 
possibly possess this wonderful peculiarity, that we human beings 
perhaps, in some higher condition of culture, will be able to act con- 
sciously on two-dimensional worlds, and that at any rate it is simply 
an inference by analogy to conclude from the non-existence of a rela- 
tion between three and two dimensions that the same relation is also 
wanting in the case of four and three dimensions. As a matter of fact, 
the objection above made is not intended to refute Zollner's hypoth- 
esis, but only to stamp it as very improbable. But despite this im- 
probability Zollner would still be right if the phenomena of the ma- 
terial world actually made his hypothesis necessary. That, however, 
is by no means the case. Although most of the phenomena to which 
the spiritualists appeal are probably founded on sense-illusions, 
humbug, and self-deception, it cannot be denied that there possibly 
do exist phenomena which cannot be brought into harmony with 
the natural laws now known. There always have been mysterious 
phenomena, and there always will be. Yet, as we have often seen 
that the progress of science has again and again revealed as natural 
what former generations held to be supernatural, it is certainly 
wholly wrong to bring in for the explanation of phenomena which 
now seem mysterious an hypothesis like that of Zollner's, by which 
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everything in the world can be explained. If we adopt a point of 
view which regards it as natural for spirits arbitrarily to interfere in 
the workings of the world, all scientific investigation will cease, for 
we could never more trust or rely upon any chemical or physical ex- 
periment, or any botanical or zoological culture. If the spirits are 
the authors of the phenomena that are mysterious to us, why should 
they also not have control of the phenomena which are not myste- 
rious? The existence of mysterious phenomena justifies in no man- 
ner or form the assumption that spirits exist which produce them. 
Would it not be much simpler, if we must have supernatural in- 
fluences, to adopt the naive religious point of view, according to 
which everything that happens is traceable to the direct, actual, and 
personal interference of a single being which we call God? Things 
which formerly stood beyond the sphere of our knowledge and were 
regarded as marvellous events, as a storm, for example, now stand 
in the most intimate connection with known natural laws. Things 
that formerly were mysterious are so no longer. If one hundred and 
fifty years ago some scientists were in the possession of our present 
knowledge of inductional electricity and had connected Paris and 
Berlin with a wire by whose aid one could clearly interpret in 
Berlin what another person had at that very moment said in Paris, 
people would have regarded this phenomenon as supernatural and 
assumed that the originator of this long-distance speaking was in 
league with spirits. 

We recognise, thus, that the things which are termed super- 
natural depend to a great extent on the stage of culture which hu- 
manity has reached. Things which now appear to us mysterious, 
may, in a very few decades, be recognised as quite natural. This 
knowledge, however, is not to be obtained by the lazy assumption 
of bands of spirits as the authors of mysterious phenomena, but by 
performing what in physics and chemistry is called experiment. 
But the first and essential condition of all scientific experimenting 
is that the experimenter shall be absolutely master of the conditions 
under which the experiment is or is not to succeed. Now, this cri- 
terion of scientific experimenting is totally lacking in all spiritualistic 
experiments. We can never assign in their case the conditions un- 
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der which they will or will not succeed. When all the preparations 
in a spiritualistic stance have been properly made, but nothing takes 
place, the beautiful excuse is always forthcoming that the "spirits 
were not willing," that there were "too many incredulous persons 
present," and so forth. Fortunately, in physical experiments these 
pretexts are not necessary. By the path of experiment, and not by 
that of transcendental speculation, physics has thus made incredible 
progress and has piled new knowledge strata on strata upon the 
old. Accordingly, the prospect is left that the mysteries which the 
conditions and properties of the human soul still present can be 
solved more and more by the methods of scientific experiment. To 
this end, however, it is especially necessary that the physio-psycho- 
logical experiments in question should only be performed by men 
who possess the critical eye of inquiry, who are free from the dan- 
gers of self-illusion, and who are competent to keep apart from their 
experiments all superstition and deception. The history of natural 
science clearly teaches that it is only by this road that man can ar- 
rive at certain and well-established knowledge. If, therefore, there 
really is behind such phenomena as mind-reading, telepathy, and 
similar psychical phenomena something besides humbug and self- 
illusion, what we have to do is to study privately and carefully by 
serious experiments the success or non-success of such phenomena, 
and not allow ourselves to be influenced by the public and dramatic 
performances of psychical artists, like Cumberland and his ilk. 

The high eminence on which the knowledge and civilisation of 
humanity now stands was not reached by the thoughtless employment 
of fanciful ideas, nor by recourse to four-dimensional worlds, but by 
hard, serious labor and slow, unceasing research. Let all men of 
science, therefore, band themselves together and oppose a solid 
front to methods that explain everything that is now mysterious to 
us by the interference of independent spirits. For these methods, 
owing to the fact that they can explain everything, explain nothing, 
and thus oppose dangerous obstacles to the progress of real research, 
to which we owe the beautiful temple of modern knowledge. 

Hermann Schubert. 



